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New Twistorial Integral Formulas for Massless Free
Fields of Arbitrary Spin

J. G. Cardeso’
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A manifestly scaling-invariant version of the Kirchoff-D’Adhemar-Penrose field
integrals is presented. The invariant integral expressions for the spinning massless
free fields are directly transcribed into the framework of twistor theory. It is then
shown that the resulting twistorial field integrals can be thought of as being
equivalent to the universal Penrose contour integral formulas for these fields.

1. INTRODUCTION

The Kirchoff-D’Adhemar-Penrose (KAP) integral expressions can be
looked upon as powerful tools for evaluating spinning massless free fields
on real Minkowski space in an explicit way (Penrose, 1963, 1980). In these
expressions, the null initial data (NID) for the fields are specified at arbitrary
nonsingular points of real null hypersurfaces. Those components of the
fields which are associated with the (null) directions of the generators of
the hypersurfaces are, effectively, regarded as the NID for the fields. Par-
ticularly, the field integrals involve the derivatives of the NID for the fields
in the directions of the generators of the NID hypersurfaces. Indeed, these
directional derivatives, being defined at nonsingular points of the NID
hypersurfaces, suitably combine the usually required normal and tangential
derivatives of the NID for the fields (Penrose and Rindler, 1984; Penrose,
1975). Moreover, the NID for the fields enter into the field integrals together
with the convergence of the generators of the NID hypersurfaces. The field
integrals are taken over the (smooth) cross sections which are provided by
the intersection of appropriate null cones with the NID hypersurfaces.
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This paper is mainly concerned with transcribing a slightly modified
version of the KAP field integrals into the framework of twistor theory. We
will restrict ourselves to considering the future null cone of an origin of
real Minkowski space as the NID hypersurface for all the fields. In par-
ticular, it will enable us to carry out the entire twistorial transcription in a
straightforward way (Section 3). Our modified version of the field integrals
is manifestly invariant under arbitrary scalings of the elements of certain
spinor bases. These are particularly used for defining the relevant NID sets
for the fields (Section 2). The modified field integrals are taken over the
two-dimensional space of all null zigzags starting at the origin of real
Minkowski space and terminating at a fixed point of the interior of the
future cone of the origin. Indeed, such a point defines a future-timelike
vector in real Minkowski space. Actually, the introduction of these integrals
is based upon a particularly simple Huyghens’ principle. The standard
twistor functions representing the spinning massless free fields (see, for
example, Penrose and Ward, 1980) arise here as suitable contour integrals
of simple holomorphic twistor one-forms. This fact will enable us to derive
the universal Penrose contour integral formulas for the spinor fields out of
our twistorial field integrals (Section 4). It may well be said that the main
motivation for this work is the fact that one might eventually gain new
insights into the theory of twistors upon transcribing suitably modified
expressions for massless free fields of arbitrary spin.

The unprimed and primed spinor fields with which we deal here will
be referred to as left-handed and right-handed fields, respectively. However,
there will be no attempt to consider these fields as quantum fields at this
stage. We make use of it as conventional terminology, and even use it for
designating quantities other than the spinor fields. In addition, it will be
effectively assumed that the spinor fields are analytic functions throughout
real Minkowski space.

2. BASIC DEFINITIONS AND FIELD INTEGRALS

The main aim of this section is to exhibit the invariant version of the
integral expressions for the spinning massless free fields. We shall first
introduce some relevant basic definitions and the NID sets that play an
important role here. The explicit field integrals are then presented.

2.1. Massless Free Fields on Real Minkowski Space

A left-handed massless free field of spin s on real Minkowski space
RM is a totally symmetric spinor field ¢,p...c(x) with n=—2s5 unprimed
indices, which satisfies the massless free-field equation

VA ap...c(x)=0 (2.1.1)
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throughout RM. It can be regarded as a complex-valued function, of the
usual four real variables x°, x', x*, x°, on RM.

Similarly, a right-handed massless free field of spin s on RM is a
corresponding totally symmetric spinor field %% '(x) with n = 2s primed
indices, which satisfies the complex conjugate form of (2.1.1)

Va8 (x)=0 (2.1.2)
It is easily verified that the wave equation
VAY 0B (x) =09 (x) =0 (2.1.3)

holds throughout RM, with 9(x) standing for any component of either
¢bap..c(x) or grE e (x).

2.2. Null Initial Data Sets

We are now in a position to introduce a prescription for defining the
relevant NIDSs. Some definitions of weighted scalars that are considered
in the spin-coefficient formalisms will be used here (see Penrose and Rindler,
1984).

The future null cone Cj of an origin O of RM is a three-dimensional
manifold in RM, given by

C& = {future-pointing vectors x**' € RM|e4pe4 5 x** x2% =0} (2.2.1)

1 ,
Clearly, the set of singular points of C§ consists of the origin. Let x** be
some nonsingular point of C§. Set up a pair of spin bases

{o", 0%, (g™, g" N at &
such that the real null vectors
{}f‘g"’, 049"} (2.2.2)

point in forward (future) null directions through x4, Also, define the inner
products at x**

r=0" =543, (2.2.3)

2
Oa,

—ny
=Q
Q)

and let the spinors 0* and (13"" be chosen covariantly constant along the
generator y, of Cy that passes through x4
The complex scalar functions

d’L(‘]’A; JIC) =0%0"%- .. bCCbAB---C(JIC) (2.2.4)
and

0c(5%, 1) =547 -+ 6 Oup...c(X) (2.2.5)
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define, respectively, the {-2s,0; 0, 0}-left-handed and {0, 0; 0, 2s}-right-
handed NID for the spinor fields on C¢ at x4 (see, for instance, Penrose,
1980). We thus have the following N1DSs:

LNIDS ={¢,(0*; %)}, RNIDS= {6:(07; %)} (2.2.6)
The spin scalar operators on C§ which act on these NIDs are

fi- ()_QS{D (1-25)p(%)} (2277)
Mer = {[D (1+2s)R(x)} (2.2.8)

T (z )25

We observe that 7,_ is the complex conjugate of 7 Tt The operator (2.2.7)
is the {2s,2s; 0, 0}-left-handed spin scalar operator on Cg, whereas the
operator (2.2.8) is the {0, 0; —2s, —25}-right-handed spin scalar operator on
Cy5 . In these defining exprelssions + is a suitable affine parameter along
the generator v, of Cy and D is the dlfferentlatlon operator in the direction
of y, at x**". The scalar functions p(x), R(x) are real, and satisfy the reality
relation on Cg

p(x)=R(X) (2.2.9)

In fact the real function p(x) is the convergence of the generators of Cg
at X (see Penrose, 1980). Notice that (2.2.7), (2.2.8) can be rewritten as
1 1

ﬁs— ( ) 1y e /LLa 71?S+=E$Z/LR (2210)
1

(a) (b)

Fig. 1. A pair of spin bases {04, 94}, {oA s O 1} is setup ata nonsmgular point x4’ that
lies on the future null cone CJ of some or1gm O of RM. The spinors oA and oA are chosen
to be covariantly constant along the generator vy, of Cj that passes through x such
that X*4" can be defined with respect to O in terms of a suitable affine parameter ¥ (a) the
left-handed #-null initial datum is specified at ¥**', and represented by a white datum spot;
(b) the right-handed #-null initial datum is specified at X**', and represented by a black datum
spot.
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where the 4-operators are the usual real conformal-invariant form of the
compact spin-coefficient derivative operators (see Penrose and Rindler,
1984). It is worth remarking that these operators are of the type {1, 0; 0, 1}.

We now let the operators (2.2.10) act on the NID (2.2.4) and (2.2.5),
to obtain the #-NIDSs on Cj

ﬁ-LNIDS={71?S_¢L(bA;3c)}, ﬁ-RNIDs={71‘rS+0R(§A’;}c)} (2.2.11)

A diagram illustrating the construction given here is shown in Figure 1.

2.3. The KAP Field Integrals

In order to introduce the explicit KAP field integrals, let us now define
a point ¥** lying in the interior of the future cone of O by

2 ’ 1 ’ 22 A A
x4 = x2 + roAtz)A (2.3.1a)

with 7 being a suitable affine parameter along the null geodesic y, of RM
that passes through Xx** and X% (see Figure 2). We notice that 4 s
effectively future-null-separated from x4 Indeed, we can reexpress (2.3.1a)

2AA!
X

Fig. 2. The future-timelike vector representing a point %*4 that lies in the interior of the

future cone of an origin O of RM. The point ¥*4” is future-null-separated from x**' e C¢.
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as
3 = HhAgh 1 Fygh (23.1b)
where F is the affine parameter involved in the definitions (2.2.7) and (2.2.8).

The explicit KAP integral expressions for the fields are written as
follows (see Penrose, 1963, 1975, 1980):

1 1A, 1
¢AB-~C(§C):2—_J‘ %A%B' ot %Jcﬁljﬁ'ze;x_)s (2-3-2)
T Jesncy r
and
e e 1 e  #rrO(0™; X)
oAB C(%):_z___J’ gA 98 . 26C __i_;___‘s (2.3.3)
T JCc3nCh r

where the meaning of :S' will become clear shortly. According to these
expressions, the massless free fields are determined at F by their 4-null
initial data defined on C§ at x**". Upon evaluating each field, one performs
an integral which is taken over the (spacelike) two-dimensional intersection
of C7 with the past null cone C; of x** (see Figure 3). In fact, we have
(see Section 4.14 of Penrose and Rindler, 1984)

C;nCy=8? (2.3.4)

1 .
Thus, § is a two-form that defines the element of surface area of S at X",

We can, therefore, formally reexpress each of the above integral expressions
as a field integral which is taken over a spacelike two-sphere. It must be

0

Fig. 3. The geometry for the Kirchoff-D’Adhemar-Penrose integral expressions. Each field
integral is taken over the intersection of C with the past null cone C3 of ¥**". The spinor
fields are determined at ¥*4' from their 4-null initial data specified at ¥**".
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remarked that these integrals are not invariant under arbitrary scalings of
the elements of the spin bases introduced in Section 2.2.

2.4. The Invariant Field Integrals

We shall next introduce a manifestly scaling invariant (SI) integral
expression for each of the massless free fields, based upon a particularly
simple Huyghens’ principle. It will be seen also that the SI field integrals
can be rewritten in a remarkably simple form in terms of certain field
densities on Cy.

Let K denote the two-dimensional abstract space of pairs of null
geodesic segments of RM incident at x** such that, for each pair, one
segment starts at the origin O of RM and terminates at )lc:‘A', while the
other starts at x** and terminates at X**. Any element of K can be seen
as a null zigzag in RM whose edges are defined according to the above
prescription.

We now define an SI two-form {1< on I as follows:
1

K=5/4% (2.4.1)

where %, 7 are the inner products at x** defined in (2.2.3), and 1, 7 are the
affine parameters involved in the relation (2.3.1b). It becomes evident that

K= (2.4.2)
In our terminology, we can state Huyghens’ principle as follows:

A spinning massless free field on RM is entirely determined at some
fixed point %4 that lies in the interior of the future cone of O and that is
future-null-separated from an arbitrary nonsingular point x** of Cj by its
#-null initial datum on C¢ at x4

For the left-handed field, this formulation of Huyghens’ principle is
explicitly exhibited by the following SI left-handed field integral:

1 “
¢AB--~C(§C) =5‘— J, %’A%B T %)C7175—¢L(10M; ;C)ll( (2-4-3)
T JK
Similarly, for the right-handed field, the SI field integral is
1 A A e \1
9" C(’ZC):EJ‘E; 07g% - 0 % 0:(3Y )K  (24.4)

A remarkably simple form of the field integrals (2.4.3) and (2.4.4) can
be achieved by defining the following SI massless free-field densities on
Ci ac k™

(I)ABmC()lC) = f27A‘2’B Tt écﬁs—‘f)L(loM; ;C) (2.4.5)
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and
®A’B’---C’(;C)=QA'§B' e QCV?S_PGR(?M’; _;C) (246)
These yield
2 1 1,1
dap...c(X) =2— ) D 4p.. c(X)K (2.4.7)
™ JK
and
A'B - C'2 1 A'B-Cly A
] (x)=—1,0 (x)K (2.4.8)
27 J

It will be seen in Section 3 that the simplicity of these integrals is preserved
when we translate them into twistorial terms.

3. TWISTORIAL TRANSCRIPTION

For transcribing the SI field integrals into twistor form, we shall make
use of the geometric pictures of Section 2. It will be seen that the choice
of Cg as the NID hypersurface for the spinor fields allows one to carry
out the twistorial transcription in a direct way.

3.1. Twistor Null Initial Data
We define the null dual twistors through X%’

‘k/a = (04, ~ix**0,) = (b4, ‘1VA’) (3.1.1a)
‘ZVa =(0p, —ix*"04) = (0a, ‘ZVAI) (3.1.1b)

Notice that these dual twistors are associated with the null geodesics v,
and 1y,, respectively. Their complex conjugates are given by

IZB = WB = (i;CAA"?A', ?A') = (1ZA, ?_A') (3.1.2a)
28 = WP = (" 5a, 54) = (2%, 54) (3.1.2b)

It is evident that the above nuil twistors intersect at x*“’, namely
Z'W,=0=2"W, at ¥ (3.1.3)

Let PN* denote the null portion of the dual projective twistor space. The
dual twistors W, and W, are defined in PN¥, respectively, as the intersec-
tions of the dua) projectjve line X* representing x**' with the fixed dual
projective lines X* and X* representing the fixed points O and ¥**. Each
of these fixed dual projective lines is topologically a Riemann sphere S°
(see Penrose and Rindler, 1986) whose points are associated with all the
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dual twistors incident with the point of RM corresponding to it. It follows
that, as x4 varies suitably, two subspaces @%¥ and 2% of the Riemann
spheres arise, &% consisting only of point25 associated with W,, and 9%
consisting only of points associated with W,. Evidently, @¥ is contained
in the Riemann sphere RF representmg O, while &% is contained in the
Riemann sphere &% representing X"

We now define the twistor {—2s, 0; 0, 0}-left-handed NI datum on the
product space @* of 9¥ with I¥ as

(I W, W,) 2D (W,, W,) (3.1.4)

where ©,( ‘3V,,, 6[/,,) is homogeneous of degree —1 in IBVQ and 2s—1in ‘%Va,
and satisfies
W,y @ (W, W,)=0 (3.1.5)
W,
Thus, the W dependence of &, ( Wa, W )} only comes through W[” .1 [see
(3.4.5) below].

The twistor NI datum corresponding to (2.2.5) is defined similarly. All
the relevant projective lines lie in the null portion PN of the projective
twistor space. The two subspaces 9, and &, of the relevant Riemann spheres
R, and R, representing O and %% here consist only of points associated
with IZﬁ and Z # respectively. We thus have

(L.Z"Z")"'0x(Z", 2°) (3.1.6)

as the definition of the twistor {0, 0; 0, 2s}-right-handed NI datum on the
product space 9 of P, with &,. The twistor function O R(lZﬁ, 2Z #) satisfies
on 9 properties similar to the previous ones.

Each of the twistor functions ®,(W,, W,) and @R(IZB, ,223) is a
holomorphic twistor function in both twistors on the appropriate product
space, having a suitable singularity set (see Section 3.4 below). The standard
twistor functions representing the spinning massless free fields will emerge
as contour integrals of holomorphic one-forms involving certain derivatives
of these functions (see Section 4). These integrals are taken over one-real-
dimensional closed contours that cannot be continuously shrunk to a point
without crossing some singularity.

3.2. Twistorial Expressions for 7-Operators and Twistor 7-NID

We now derive simple twistorial expressions for the spin scalar
operators 7‘75‘ and 7rs+ These twistorial operators act on the appropriate
twistor-function kernels of the twistor NID (3.1.4) and (3.1.6), leading us
thereby to the holomorphic twistor #-NID on 9* and 9.
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Recall that the differentiation operator at %% in the direction of the
generator y, of C§ is given by

D=5V 40 (3.2.1)
Using (3.1.1b) together with the relation on C§
XA =10t (3.2.2)
we readily obtain
1 12, @
D =71 W 3., (3.2.3)
r oW

Also, combining (3.2.2) with the defining expression for the convergence
of the generators of C at x4

2(%:,)=(bB%;B)-le%CgC'6CC,bA (3.2.4)

we find that
0,1 1
o(x)= -1 (3.2.5)

In fact, the twistorial relation
E=I""W, W, (3.2.6)

holds at x** (see, for example, Penrose and Rindler, 1986). Using (3.2.3),
(3.2.5), and (3.2.6), together with the homogeneity properties and the
definition (2.2.7), we conclude that the #-operator acting upon ®,(W,, W,)
is expressed by

(__1)—25+1 2 _a-_

R R 3.2.7

‘{T (IMV‘}‘/}L‘Z‘]D)—~25 oAaéA ( )
Taking the complex conjugate of (3.2.7), we obtain

. -1 2s+1 3

ws+——(——)——~——6 — (3.2.8)

T T 1,227 Y 0ga

which is the corresponding twistorial expression for the {0, 0; —2s, —2s}-
right-handed spin scalar operator that acts on © R(IZ £ ZZB ). Note that the
corresponding twistorial expressions for the conformal 4-operators can be
derived by inserting (3.2.7) and (3.2.8) into (2.2.10), taking into account
(3.2.6) and its complex conjugate.
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It now becomes clear that if we let the twistorial operators (3.2.7) and
(3.2.8) act appropriately on the twistor functions to which we have referred
above, we are led to

(Iﬂye‘/y, ‘2"/11) -25+171?s—~q)L( ﬁla’ ‘%Va)

=(- 1)’25+1(I*"’W W, )é,,go—q)L( W, W.) (3.2.9)
A

and

(valzugv)zs*—lﬁs-!-@R (Zﬁ’ ZZﬂ)

1

s vy = d
=(_1)2 +1(I}LPIZ”% )gA'go__Al@R(IZﬁs 2ZB) (3'2~10)
2

The twistor functions (3.2.9) and (3.2.10) are the holomorphic twistor 7-NID
on @* and 9, respectively. These twistor NID are indeed associated with
the elements of the sets #-LNIDS and #-RNIDS introduced earlier [see
(2.2.11)].

3.3. Holomorphic Twistorial i(-Forms

It has been seen that the remarkably simple SI field integrals for the
spinning massless free fields explicitly involve an SI two-form K defined
on the two-dimensional space of suitable null zigzags in RM [see (2.4.7)
and (2.4.8)]. In order to w1;ite down our twistorial field integrals (see Section
3.4), we need to translate K into twistorial terms. The twistorial expressions
arising here are indeed associated with null zigzags in RM whose edge-sets,
at each stage, possess two edges. Generalized holomorphic expressions in
the case of an arbitrary number of edges have been given in Cardoso (1988).
Actually, two conjugate holomorphic expgessions will emerge here, one on
9* involving only the dual twistors W,, W,, and the other on & involving
only the twistors Z" Z".

Consider the two form element of surface area S of the spacelike
two-sphere S° at x x*. It is evident that this two-form enters mto the
definition of K via (2. 4 1). Its explicit defining expression at x*4" is

|~.

. 1 - 1AA 2 - 1 BB’
S= ogAfdxAA/\oB?BrdeB (3.3.1)

1
z

-t

By differentiating out the twistor relations

1

4 .1 AA1L 2 ' 1 2
WA =—ix*o, WA = —ix**0, (3.3.2)

2
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and making suitable contractions, we arrive at two relations which, when
substituted together with (3.2.6) and its complex conjugate into (3.3.1),
yield the SI expression

, Z*dW, A Z7dW,

. 2 1
.S=(‘1) 1 2 (3-3-3)
(I*"w,w,), -Z°Z%)

The actual evaluation of the spinor fields involves also holding both the
origin O and %¥** fixed. This procedure enables us to derive after a short
calculation

2 2 » /\72 2
z* dW, =iK(1,,2"Z")I"W, dW,) (3.3.4)
and
1 ] » i 1
z* dw, =ir(1,,Z"Z" (1" W, dW,) (3.3.5)

Now, combining (3.3.4) and (3.3.5) with (3.3.3), making use of (3.2.6) and
its complex conjugate once again, we obtain the following SI twistorial
expression on F*:
I‘”’W dW I”W dW
K=i A (3.3.6)
(1*# W WB)

Clearly, the complex conjugate of (3.3.6) is the twistorial expression on &
given by

o L,z*dz"aL,Z2"dZ"
K=(-i i azﬁ)z (3.3.7)

The 1formulas (3.3.6) and (3.3.7) are the de51red SI holomorphic expressions
for K.

3.4. The SI Twistorial Field Integrals

The holomorphic expressions for Ii( together with the holomorphic
twistor 7-NID of Section 3.2 lead us to particularly simple SI twistorial
integral expressions for the spinning massless free fields. Each spinor field
is then expressed in terms of an integral involving only an SI holomorphic
twistor two-form on the appropriate product space.

It is easy to verify that, as x*4" varies suitably, the following relation
arises:

AP W, AW, = (1P W, W,) dba+ vba (3.4.1)

where p is a one-form of the type {1, 1; 0, 0). By replacing (3.2.9) and (3.3.6)
into (2.4.3), taking both (3.4.1) and (3.1.5) into account, we obtain the SI
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twistorial field integral

1 —2s5+1
bap. c(x)*‘(’—l*_§ (ZJA%)B' e %C@L(‘IVM ‘%Va)’\IM‘%Vudﬁ/V
Sixs!

2ari
(3.4.2)
where @, ( IEVO,, I%V,,) is the holomorphic twistor one-form on 9*,
®L( ‘i‘/as ‘Z‘Ia) d‘ll/)\ (3-4.3)

A

The product S'xS' appearing beneath the integral sign of the formal
expression (3.4.2) means that one has first to perform the W integral
along a closed path y, (=S') lying in 9§ < ®¥, and then carry out the W
integral along a closed path ', (=S") lying in 9% < R [see (4.1) and (4.5)
below]. At each stage, the contour suitably avoids all the singularities of
the relevant integrand. The entire singularity set appears, then, to be given
as the union of two separated (closed) subsets of the appropriate Riemann
sphere. It is evident that (3.4.3) satisfies the properties

d
WAT(PL( ‘1‘/01’ ‘%‘,a)=(2‘g—2)(?L( 6‘/&’ ‘24/'&) (3'4'4)
A
and
1 1 2 1 2
@L(ﬂ/ Was A Wa + ?Wa) = st—z(PL( Waa Wa) (3‘4'5)

with u, »e C—{0}, and AeC.

A procedure similar to the one which led to (3.4.2) can now be adopted
to obtain the SI twistorial field integral expressmn for the right-handed
spinnning massless free field #4% " <(%). Thus, the resulting formal
expression is

¥od (- 1) e ~A’ =B el B 7B v
( )= 076" - 0" Op(Z",ZP)A1,,Z" dZ
S'xs 2 2 2

i 1202 b 1
(3.4.6)
where @r(Z", Z”) is the holomorphic twistor one-form on %,
7®R(IZ‘*, zF) dz* (3.4.7)

and the relevant contours yr and Iy lie now in @y Ry and D, < R,,
respectively. Clearly, the one-form (3.4.7) satisfies properties similar to
(3.4.4) and (3.4.5).

The prescription leading to the twistorial integral (3.4.2) is illustrated
in Figure 4. A projective picture associated with the twistorial integral (3.4.6)
can be similarly drawn.
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Fig. 4. The dual pI’OJcCthC lines X * X *b and X "; in Pl\{* representmg the points O, x*
and x"" in RM. The line X* meets both X* and X* at W, and W,,, respectively, px;owded
tzhat %A% is null-separated from both O and ¥**". Each of the fixed projective lines X* and
X* is (topologically) represented by a Riemann sphere S2. As x k24 varies suitably, two
subspaces @ and 9¥ arise, D¢ being contained in the Riemann sphere R associated with
O and 9% being contained in the Riemann sphere R% associated with %44 The W integration
is taken along a closed path v, lying in &%, while the W integration is taken along a closed
path T} lying in @%. At each stage, the contour separates the entire singularity set of the
relevant integrand into two disconnected closed sets.

4. THE UNIVERSAL PENROSE CONTOUR
INTEGRAL FORMULAS

In this section, we shall see how the standard twistor functions rep-
resenting the spinning massless free fields can be suitably given in terms of
contour integrals of the holomorphic twistor one-forms that appear in the
twistorial field integrals exhibited before. The universal Penrose contour
integral formulas for these fields are then readily derived.

As was previously indicated, one has to perform two independent
contour integrals whenever the actual evaluation of either of our twistorial
field integrals is required. This fact enables one to integrate (3.4.3) and
(3.4.7), giving rise to the following holomorphic functions:

ful(W,) = (—1)—2”135 DL(W,, W,) (4.1)
YL=DE
defined on 9%, and
fu(28)= (—1)2“‘35 0x(2", 2" 42)
YrR= Do

defined on %,. These holomorzphlc functions are indeed homogeneous of
degrees 25 —2 and —2s—2 in W, and Z‘8 respectively. In the left-handed
case, for example, the homogenelty property follows immediately from
(3.1.4) and (3.4.3). Explicitly, we have

FulyW,) = v 2, (W,) (4.3)
and
fR(“‘%B) = IJ«“ZF2 R(%B) (4-4)
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with u, v € C —{0}. Hence, the holomorphic functions (4.1) and (4.2) actually
are the standard twistor functions which generate the fields. We are therefore
again led to the universal Penrose contour integral formulas for the spinning
massless free fields. Replacing (4.1) and (4.2) into (3.4.2) and (3.4.6),
respectively, we obtain
2 1 2 2 o 2 2 2
Gap..c(X)=75— 0405+~ OcfL(WL)IM'W, dW, (4.5)

2 T cP%

and

T ot 1
HAB C(%) i
Tl JTre9,

g—A’gB' ‘e gch(‘gﬁ)Iuvg“ d2ZV (4.6)

which are the formulas referred to above.

5. CONCLUDING REMARKS

In this paper, we have presented a twistorial transcription of (appropri-
ately modified) KAP integral expressions. It was shown that the choice of
the future null cone of the origin of RM as the NID hypersurface for the
spinning massless free fields led us to the definition of the SI field densities
which provide simple formal expressions for the spinor fields. These
expressions not only enhance the Kirchoff-like character of the field
integrals, but also allow them to be neatly fitted in with the twistor formalism.
In addition, all the contours involved in our twistorial field integrals turn
out to be defined in a remarkably simple way.

The most important feature of the simple holomorphic twistor structures
exhibited here is the correspondence between the valence of the involved
twistors and the handedness of the spinor fields. Only twistors lying in PN*
enter into the twistorial left-handed field integral, while only twistors lying
in PN enter into the twistorial right-handed field integral. Another feature
of our twistorial field integrals is the splitting of the contour over which
each of the holomorphic twistor two-forms is to be integrated. The modified
expressions for the spinning massless free fields in RM can be formally
given as SI integrals taken over spheres S°. After having transcribed these
field integrals into twistorial terms, we found that each of the twistorial
field integrals turns out to be taken over a (suitable) contour whose topology
is §'x S'. If the spinor fields are to be interpreted as wave functions, these
features will play an important role. It is worth remarking that the situation
considered here is apparently very different from that considered by Bram-
son, Sparling, and Penrose in connection with the problem of finding an
inverse to each of the standard contour integral expressions (see Penrose,
1975). In their work, the universal contour integral formulas for the spinor
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fields are given at the outset. It was stated that, in the left-handed case, the
relevant twistor function can be formally defined in terms of a contour
integral which is taken along an open path lying in the appropriate subspace.
This contour integral actually involves the same holomorphic twistor one-
form as the one obtained explicitly here [see (3.4.3)], but leads one to a
twistor quantity depending upon two arbitrary holomorphic functions of
the appropriate dual twistor.
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